A NEW APPROACH TO THE GEOMETRIC SATAKE EQUIVALENCE 



BY TIMO RICHARZ 



Abstract. I give another proof of the geometric Satake equivalence from I. Mirkovic and K. 
Vilonen |14| over a separably closed field. Over a not necessarily separably closed field, I obtain 
a canonical construction of the Galois form of the full L-group. 
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0. Introduction 

Connected reductive groups over separably closed fields are classified by their root data. These 
come in pairs: to every root datum, there is associated its dual root datum and vice versa. Hence, 
to every connected reductive group G, there is associated its dual group G. Following Drinfeld's 
geometric interpretation of Langlands' philosophy, Mirkovic and Vilonen [14] show that the repre- 
sentation theory of G is encoded in the geometry of an ind-scheme canonically associated to G as 
follows. 

Let C? be a connected reductive group over a separably closed field F . The loo'p group LG is the 
group functor on the category of F-algebras 

LG:R^G{Rit))). 

The positive loop group L~^G is the group functor 

L+G -.R^GiRltj). 

Then L+G C LG is a subgroup functor, and the fpqc-quotient Gr^ = LG/L^G is called the affine 
Grassmannian. It is representable by an ind-projective ind-scheme (= inductive limit of projective 
schemes). Now fix a prime £ ^ char(F), and consider the category Pl^g^G^g) of i+G-equivariant 
^-adic perverse sheaves on Grg. This is a Q^-linear abelian category with simple objects as follows. 
Fix T G B C G a maximal torus contained in a Borel. For every cocharacter /z, denote by 

Of, = L+G ■ 
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the reduced L+G-orbit closure of G T{F([t])) inside Grg. Then is a projective variety over 
F. Let IC^ be the intersection complex of O^. The simple objects of P]^+Q{GrG) are the IC^'s 
where ranges over the set of dominant cocharacters X^. Furthermore, the category PL+ciGT^a) 
is equipped with an inner product: to every Ai,A2 G P]^+q{Gtg), there is associated a perverse 
sheaf y^i -k A2 P]^+Q{GrG) called the convolution product of Ai and A2 (cf. 521 below). Denote 

by 

^(-) = 0i?T(GrG,-) : Pi+G(GrG) ^ VecQ, 

the global cohomology functor with values in the category of finite dimensional Q^-vector spaces. 
Fix a pinning of G, and let G be the Langlands dual group over , i.e. the reductive group over 
Qi whose root datum is dual to the root datum of G. 

Theorem 0.1. (i) The pair (P^+Q(GrG), ★) admits a unique symmetric monoidal structure such 
that the functor uj is symmetric monoidal. 

(ii) The functor u is a faithful exact tensor functor, and induces via the Tannakian formalism an 
equivalence of tensor categories 

(Pi+G(GrG),*) ^ (RepQ^(G),®) 
A I — > uj{A), 

which is uniquely determined up to inner automorphisms of G by the property that uj{IC^) is the 
irreducible representation of highest weight fi (for the dual torus T). 

In the case F = C, this reduces to the theorem of Mirkovic and Vilonen [T3] for coefficient fields 
of characteristic 0. The drawback of our method is the restriction to Q^-coefficients. Mirkovic and 
Vilonen are able to establish a geometric Satake equivalence with coefficients in any Noetherian 
ring of finite global dimension (in the analytic topology). I give a proof of the theorem over 
any separably closed field F using £-adic perverse sheaves. My proof is different from the one of 
Mirkovic and Vilonen. It proceeds in two main steps as follows. 

In the first step I show that the pair (P]^+q(Gtg),*) is a symmetric monoidal category. This 
relies on the Beilinson-Drinfeld Grassmannians and the comparison of the convolution product 
with the fusion product via Beilinson's construction of the nearby cycles functor. The method 
is related to ideas of Gaitsgory [5 which were extended by Reich in [17]. Here the fact that the 
convolution of two perverse sheaves is perverse is deduced from the fact that nearby cycles preserve 
perversity. 

The second step is the identification of the group of tensor automorphisms Aut*(cLi) with the 
reductive group G. I use a theorem of Kazhdan, Larsen and Varshavsky 'B^ which states that 
the root datum of a split reductive group can be reconstructed from the Grothendieck semiring of 
its algebraic representations. The reconstruction of the root datum relies on the PRV-conjecture 
proven by Kumar [3^. I prove the following geometric analogue of the PRV-conjecture. 

Theorem 0.2 (Geometric analogue of the PRV-Conjecture). Denote by W — W{G,T) the Weyl 
group. Let fii,.. .^fin G ^+ be dominant coweights. Then, for every A £ X"^ of the form A = 
+ . . . + Vk with Vi e VF/ii for i ^ 1, . . . ,k, the perverse sheaf ICx appears as a direct summand 
in the convolution product /G^^ * ... * /G^^ . 

Using this theorem and the method in [8], I show that the Grothendieck semirings of Pl+g (Grc) 
and RepQ^(G) are isomorphic. Hence, the root data of Aut'^(a;) and G are the same. This shows 
that Aut*(a;) ~ G uniquely up to inner automorphism of G. 

If F is not neccessarily separably closed, we are able to apply Galois descent to reconstruct the 
full L-group. Fix a separable closure F of P, and denote by F = Gal(P/P) the absolute Galois 
group. Let ^G = G{Qi) x F be the Galois form of the full L-group with respect to some pinning. 
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Theorem 0.3. The functor A H> uj(Ap) induces an equivalence of abelian tensor categories 

where Rep^^(^G) is the full subcategory of the category of finite dimensional continuous £-adic 
representations of^G such that the restriction to G{Qi) is algebraic. 

We outline the structure of the paper. In fJT] we introduce the Satake category Pj^+Q{GrG)- 
Appendix [XI supplements the definition of PL+oiGrG) and explains some basic facts on perverse 
sheaves on ind-schemes as used in the paper. In ^^Sl'^s clarify the tensor structure of the tuple 
(P^+c(GrG), and show that it is neutralized Tannakian with fiber functor cj. Section 0] is 
devoted to the identification of the dual group. This section is supplemented by Appendix [B] on 
the reconstruction of root data from the Grothendieck semiring of algebraic representations. The 
reader who is just interested in the case of an algebraically closed ground field may assume F to 
be algebraically closed throughout iJT]-!]?] The last section fJS]is concerned with Galois descent and 
the reconstruction of the full L-group. 

Acknowledgement. First of all I thank my advisor M. Rapoport for his steady encouragement 
and advice during the process of writing. I am grateful to the stimulating working atmosphere in 
Bonn and for the funding by the Max-Planck society. 

1. The Satake Category 

Let G SL connected reductive group over any field F. The loop group LG is the group functor 
on the category of F-algebras 

LG:R^ G{R{{t))). 
The positive loop group L^G is the group functor 

L+G -.R^GiRltj). 

Then L+G C LG is a subgroup functor, and the fpqc-quotient Giq = LG/L~^G is called the affine 
Grassmannian (associated to G over F). 

Lemma 1.1. The affine Grassmannian Gtq is representable by an ind- projective strict ind- scheme 
over F . It represents the functor which assigns to every F-algebra R the set of isomorphism 
classes of pairs {F,f3), where F is a G-torsor over Spec(i?[t|) and (3 a trivialization of F[j\ over 
Spec(i?((i))). 

We postpone the proof of Lemma Fl. II to Section [2T] below. For every i > 0, let Gi denote j-th 
jet group, given for any _F-algebra Rhy Gi : R ^ G(i?[t]/t*+^). Then Gi is representable by a 
smooth connected affine group scheme over F and, as fpqc-sheaves, 

L+G ^ l^G,. 

i 

In particular, if G is non trivial, then L+G is not of finite type over F. The positive loop group 
L+G operates on Gr^ and, for every orbit O, the L+G-action factors through Gi for some i. Let 
O denote the reduced closure of O in Grc, a projective L+G-stable subvariety. This presents the 
reduced locus as the direct limit of L+G-stable subvarieties 

(GrG)rcd - lii^O, 
o 

where the transition maps are closed immersions. 

Fix a prime I ^ char(L'), and denote by the field of ^-adic numbers with algebraic closure 
Q£. For any separated scheme T of finite type over F , we consider the bounded derived category 
D^(r, Q^) of constructible ^-adic complexes on T, and its abelian full subcategory L'(r) of ^-adic 
perverse sheaves. If Lf is a connected smooth affine group scheme acting on T, then let Ph{T) 
be the abelian subcategory of P(T) of ff-equivariant objects with ff-equivariant morphisms. We 
refer to Appendix [XI for an explanation of these concepts. 
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The category of ^-adic perverse sheaves P{Gtg) on the affine Grassmannian is the direct hmit 

P(GrG) = lin^P(O), 
o 

which is well-defined, since all transition maps are closed immersions, cf. Appendix \K\ 

Definition 1.2. The Satake category is the category of i+G-equi variant ^-adic perverse sheaves 
on the affinc Grassmannian Gr^ 

o 

where O ranges over the i+G-orbits. 

The Satake category -PL+G(GrG) is an abelian Q^-linear category, cf. Appendix \K\ 

2. The Convolution Product 
We are going to equip the category Pl+g{Gtg) with a tensor structure. Let 

be the convolution product with values in the derived category. We recall its definition 15, §2]. 
Consider the following diagram of ind-schemes 

(2.1) Grc X Grc ^ LG x Gia ^ LG x^^^ Gia ^ Gig- 

Here p (resp. q) is a right i+G-torsor with respect to the L+G-action on the left factor (resp. the 
diagonal action). The LG-action on Gtg factors through q, giving rise to the morphism m. 

For perverse sheaves Ai , A2 on Grc , their box product Ai^A2 is a perverse sheaf on Grc x Grc • 
If A2 is L+G-equivariant, then there is a unique perverse sheaf ^iK1^2 on LG x^ Gro such that 
there is an isomorphism equivariant for the diagonal L+G-actior{3 

p*{Ai^A2) ~q*(^ii^2). 

Then the convolution is defined as Ai * A2 == m^{Ai^A2)- 

Theorem 2.1. (i) For perverse sheaves Ai,A2 on Gtg with A2 being L^G- equivariant, their 
convolution Ai -k A2 is a perverse sheaf. If Ai is also L'^G- equivariant, then Ai * A2 is L^G- 
equivariant. 

(ii) Let F be a separable closure of F. The convolution product is a bifunctor 

- : PL+GiGva) X Pi+clGrc) ^ PL^oiGva), 

and {P]^+q{Gtg),*) has a unique structure of a symmetric monoidal category such that the coho- 
mology functor with values in finite dimensional Qi-vector spaces 

R'TiGra^p, {-)p) : Pl+g{Gi:g) ~^ Vccq^ 

is symmetric monoidal. 

Part (i) and (ii) of Theorem 12.11 are proved simultaneously in Subsection 12.31 below using uni- 
versally locally acyclic perverse sheaves (cf. Subsection 12.21 below) and a global version of diagram 
(|2.ip which we introduce in the next subsection. 



Though LG is not of ind-finitc type, we use Lemma 12. 201 below to define Ai^A2- 



GEOMETRIC SATAKE 



5 



2.1. Beilinson-Drinfeld Grassmannians. Let X a smooth geometrically connected curve over 
F. For any i^-algebra i?, let Xn. = X x Spec(i?). Denote by E the moduli space of relative effective 
Cartier divisors on X, i.e. the fppf-sheaf associated with the functor on the category of F-algebras 

R I — > {D C Xb, relative effective Cartier divisor}. 

Lemma 2.2. The fppf-sheaf is represented by the disjoint union of fppf- quotients Yln>i / ^n, 
where the symmetric group Sn acts on X" by permuting its coordinates. 

□ 

Definition 2.3. The Beilinson-Drinfeld Grassmannian (associated to G and is the functor 
Qr = Qfcx on the category of i^-algebras which assings to every R the set of isomorphism classes 
of triples {D, J^, (3) with 

D G a relative effective Cartier divisor; 

< T a G-torsor on Xb/, 

13 : F\xr\d ^ ^o\xr\d a trivialisation, 

where J-q denotes the trivial G-torsor. The projection 0r — )> E, {D,J-^P) £) is a morphism of 
functors. 

Lemma 2.4. The Beilinson-Drinfeld Grassmannian Qr = QrG,x associated to a reductive group 
G and a smooth curve X is representable by an ind-proper strict ind-scheme over E. 

Proof. This is proven in O Appendix A. 5.]. We sketch the argument. If G = GL„, consider the 
functor ^(m) parametrizing 

Jc03,^{-m-D)/03,^{m-D), 

where J is a coherent Oxfj-submodule such that Oxn i^rn ■ D)/J is flat over R. By the theory 
of Hilbert schemes, the functor Qr(^^j is representable by a proper scheme over E. For mi < TO2, 
there are closed immersions ^ ^(m2)- Then as fpqc-sheaves 

lim ^ Qr. 

For general reductive G, choose an embedding G GL„. Then the fppf-quotient GL„/G is affine, 
and the natural morphism Qrc — J> Qr^j^^ is a closed immersion. The ind-scheme structure of Qtq 
does not depend on the choosen embedding G ^ GL„. This proves the lemma. □ 

Now we define a global version of the loop group. For every D G E(i?), the formal completion 
of Xji along Z? is a formal affine scheme. We denote by Ox,d its underlying _R-algebra. Let 
D = Spec(C'x,_D) be the associated affine scheme over R. Then Z? is a closed subscheme of D, and 
we set D° = D\D. The global loop group is the group functor on the category of i^-algebras 

CG:R^ {(s, D)\De E(i?), s e G{b°)}. 
The global positive loop group is the group functor 

C+G : R ^ {{s, D)\D e E(i?), s e G{D)}. 
Then C~^G C CG is a subgroup functor over E. 

Lemma 2.5. (i) The global loop group CG is representable by an ind-group scheme over E. It 
represents the functor on the category of F -algebras which assigns to every R the set of isomorphism 
classes of quadruples {D,!F,(3,a), where D G E(i?), T is a G-torsor on Xn, P : J- ^ Fq is a 
trivialisation over Xji\D and a : F^ ^ J-'j^j is a trivialisation over D. 

(ii) The global positive loop group C^G is representable by an affine group scheme over E with 
geometrically connected fibers. 
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(iii) The projection CG — > Qtq, {D,T,l3,a) — > {D,F,I3) is a right C^G-torsor, and induces an 
isomorphism of fpqc-sheaves over S 

CG/C+G ^ Qro. 

Proof. Note that fppf-locally on R every D E is of the form V{f). Then the moduU descrip- 

tion in (i) fohows from the descent lemma of Beauville-Laszlo [I] (cf. (T^ Proposition 3.8]). The 
ind-representabihty follows from part (ii) and (iii). This proves (i). 

For any D G S(i?) denote by D^*) its i-th infinitesimal neighbourhood in X^. Then Z?'*) is finite 
over R, and the Weil restriction Res^Ko /ji{G) is representable by a smooth affine group scheme 
with geometrically connected fibers. For i < j, there are affine transition maps Res^jcj) /aiG) — 
Resjj(i) /]i{G) with geometrically connected fibers. Hence, ^m . Resjxi) /j^(G') is an affine scheme, 
and the canonical map 

C^G xs^j) Spec(_R) — > limRes^Ki) /^(G) 

i 

is an isomorphism of fpqc-sheaves. This proves (ii). 

To prove (iii), the crucial point is that after a faithfully flat extension i? — i?' a G-torsor F oiv D 
admits a global section. Indeed, admits a i?'-section which extends to Dri by smoothness and 
Grothendieck's algebraization theorem. This finishes (iii) . □ 

Remark 2.6. The connection with the affine Grassmannian Gr^ is as follows. Lemma [2?2] identifies 
X with a connected component of E. Choose a point x e X{F) considered as an element G 
S(F). Then Dx — Spec(i^[[i]]), where t is a local parameter of X in x. Under this identification, 
there are isomorphisms of fpqc-sheaves 

C^Gx — LG 
jO^Gx — G 
Otg.x ^ Grc. 

Using the theory of Hilbert schemes, the proof of Lemma [2.41 also implies that GrGL„, and hence 
Gtg is ind-projective. This proves Lemma 1 1 . II above. 

By Lemma [275] (iii) . the global positive loop groop £+G acts on Qr from the left. For D G 5](i?) 
and {D,T,(3) G Qrc{R), denote the action by 

iig,D),iT,P,D))^{gT,gP,D). 

Corollary 2.7. The C^G-orbits on Qr are of finite type and smooth over E. 

Proof. Let D G E(i?). It is enough to prove that the action of 

£+G xs_£) Spec(i?) ~ l^im Resj(i) /;^(G) 

i 

on Qr Xs_i3 Spec(i?) factors over Resjj(i) /ji{G) for some i » 0. Choose a faithful representation 
p : G ^ GL„, and consider the corresponding closed immersion Qrc QrGh„- This reduces us 
to the case G = GL„. In this case, the 6r(„j)'s (cf. proof of Lemma l2.4p are £+GL„ stable, 
and it is easy to see that the action on ^(m) factors through Res£,(2m) /^(GL„). This proves the 
corollary. □ 

Now we globalize the convolution morphism m from diagram (12.11) above. The moduli space S 
of relative effective Cartier divisors has a natural monoid structure 

-U- : E X E — > E 

{Di,D2)^ D1UD2. 



The key definition is the following. 
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Definition 2.8. For fc > 1, the k-fold convolution Grassmannian Qrk is the functor on the 
category of i^-algebras which associates to every R the set of isomorphism classes of tuples 
((A,-^i,/3i)i=i,...,fc) with 

Di e relative effective Cartier divisors, i = 1, . . . ,k; 

Ti are G-torsors on X^; 

/3i : ^i\xn\Di ^ J^i~i\xn\D, isomorphisms, i = l,...,k, 

where is the trivial G-torsor. The projection Qrk — >■ S'^, ((-Di, .T^i, /3i)i=i,---,fe) ((£'i)i=i,...,fc) is 
a morphism of functors. 

Lemma 2.9. For k > 1, the k-fold convolution Grassmannian Qrk is representable by a strict 
ind-scheme which is ind-proper over S*^' . 

Proof. The lemma follows by induction on fc. If fc = 1, then Qrk = Qr. For fc > 1, consider the 
projection 

P ■ Qi'k — > Qrk-i X S 

{{Di,J-i,l3i)i=i fc) I — > {{Di,Ti,f3i)i=i^,,,,k-i,Dk)- 

Then the fiber over a i?-point {{Di, J^i, l3i)i^i k_i, Dk) is 

which is ind-proper. This proves the lemma. □ 
For fc > 1, there is the k-fold global convolution morphism 

rrik ■■ Qrk — > Qr 

((A,.7^,:,/3»)»=l,...,fc) I > {D,Tk,Pl\xa\D ° ■ • Pk\xa\D), 

where D = Di U . . . U Dk- This yields a commutative diagram of ind-schemes 

■nik 
Qrk > Qr 



1 



i.e., regarding Qrk as a S-scheme via S*^ — ?> S, {Di)i i~-)> UiDi, the morphism rrik is a morphism of S- 
ind-schemes. The global positive loop group £~^G acts on Qrk over E as follows: let {Di,Ti,j3i)i £ 
Qrk{R) and g G G(£)) with D = UiDi. Then the action is defined as 

{{g,D),{D,,T,,/3,),) ^ {D,,gT,,gl3,g~%. 

Corollary 2.10. The morphism rrik '■ Qrk Qr is a C^G-equivariant morphism of ind-proper 
strict ind-schemes over E. 

Proof. The £+G-equivariance is immediate from the definition of the action. Note that YJ^ 

is finite, and hence Qrk is an ind-proper strict ind-scheme over E. This proves the corollary. □ 

Now we explain the global analogue of the L+ G-torsors p and q from (|2.ip . For fc > 1, let CGk 
be the functor on the category of F-algebras which associates to every R the set of isomorphism 
classes of tuples {{Di, Ti, Pi)i=i^,,,^k, {<yi)i=2,...,k) with 

A G E(i?), i^l,...,k; 
Ti are G-torsors on Xr; 

A : Ti\xri\Di ^<d\xii\Di trivialisations, i = 1, . . . , fc; 
Oi : TQ\fy, — > Ti-\\fj , i — 2, . . . ,k. 
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where J-q is the trivial G-torsor. There are two natural projections over E . Let 
The first projection is given by 

Pk : CGk Or'' 
((A,^^,ft)z=i,...,fe,(a.).=2,...,fe) ^ ((A, J^,bo/3.).=i,...,fe)- 
Then is a right /I+G^^^-torsor for the action on the (JiS. The second projection is given by 

qk : CGk — > Qrk 
((A,-F„A)^=i,...,fe,(a.)^=2,...,fe) ^ ((A,^;,/3-)^=i,...,fe), 
where J'J = Fi and for i > 2, the G-torsor T[ is defined successively by gluing J-i\xji\Di to J^jLilf,. 
along (Tiljjo o /3i|^o. Then is a right /^+G^^^-torsor for the action given by 

In the following, we consider ind-schemes over E*"' as ind-schemes over E via E*^' — > E. 

Definition 2.11. For every fc > 1, the k-fold global convolution diagram is the diagram of ind- 
schemes over E 

Qr i — CGk — > Qrk — > Qr. 

Remark 2.12. Fix x e X{F), and choose a local coordinate t at x. Taking the fiber over 
diag({a;}) G X^{F) in the fc-fold global convolution diagram, then 

Gr^ ^ LG''-^ X Grc — ^ LG x^^^ .. . x^^^ Grg^ — ^ Grc- 

/c-timGS 

For k — 2, we recover diagram (|2.ip . 

2.2. Universal Local Acyclicity. The notion of universal local acyclicity (ULA) is used in Re- 
ich's thesis [T^. We recall the definition. Let be a smooth geometrically connected scheme 
over F, and / : T — s> 5 a separated morphism of finite type. For complexes At G D^{T,Qe), 
As G D'^iSjQe), there is a natural morphism 

(2.2) Ati^TAs — > (^T®/Us)[2dim(5)], 

where A-S) B = D(pA(g)BB) for A,B (E D^^{T, Qi). The morphism ([221) is constructed as follows. 
Let Tf : T T X S he the graph of /. The projection formula gives a map 

rf,{T}{AT^As)®TyQe) ~ {At ^ As) ®T f,T\Qe — > At^As, 

and by adjunction a map T*j{At K ^s) ® ^'fQi ^^^(^t ^ ^s)- Note that 

T}{At K ^s) ^ At(E> f*As and r|^(y^T ^ As) ^ At ^ /Us, 

using D(y^T ^ ^s) — ^ DAs- Since is smooth, F/ is a regular embedding, and thus 

T-fQe ~ Q4-2dim(S')]. This gives after shifting by [2dim(5)] the map 

Definition 2.13. (i) A complex At G D'^{T,Qe) is called locally acyclic with respect to f (f-LA) 
if ([Z!2l) is an isomorphism for all e D'^{S,Qe)- 

(ii) A complex At G D'^{T,Qe) is called universally locally acyclic with respect to f (/-ULA) if 
fs'-^T is /s'-LA for all fs' — f ^s S' with S' ^ S smooth, S' geometrically connected. 

Remark 2.14. (i) If / is smooth, then the trivial complex At — Qi is /-ULA. 

(ii) If S" = Spec(F) is a point, then every complex At G Dl{T,Qi) is /-ULA. 

(iii) The ULA property is local in the smooth topology on T. 
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Lemma 2.15. Let g : T T' be a proper morphism of S -schemes of finite type. For every ULA 
complex At G -0^(7, Qi), the push forward g^Ar is ULA. 

Proof. For any morphism of finite type g : T ^ T' and any two complexes At, At' , we liave tlie 
projection formulas 

g\{AT®g*AT') — g\AT ® At' and g^,{AT ® g' At') — g*AT'^AT'. 

If g is proper, then — g\, and the lemma follows from an application of the projection formulas 
and proper base change. □ 

Theorem 2.16 ( [17|). Let D <Z S he a smooth Cartier divisor, and consider a cartesian diagram 
of morphisms of finite type 

i i 

E — ^ T ^ U 



1/ 

D > S < S\D 



Let A be a f-ULA complex on T such that A\u is perverse. Then: 

(i) There is a functorial isomorphism 

i*[~l]A ~ v[l]A, 

and both complexes i*[—V\A, r[l\A are perverse. Furthermore, the complex A is perverse and is 
the middle perverse extension A ~ iu{A\u). 

(ii) The complex i*[—l] A is f\E-ULA. 

□ 

Remark 2.17. The proof of Theorem 1 2 . 1 61 uses Beilinson's construction of the unipotent part of 
the tame nearby cycles as follows. Suppose the Cartier divisor D is principal, this gives a morphism 
ip : S ^ h}p such that </J~^({0}) = S\D. Let g = ipo f he the composition. Fix a separable closure 
F of F. In SGA VII, Deligne constructs the nearby cycles functor ip — tpg : P{U) — ?> P{Ep). Let 
V'tamo be the tame nearby cycles, i.e. the invariants under the pro-p-part of 7ri(G„ p, 1). Fix a 
topological generator T of the maximal prime-p-quotient of 7ri((G„ fj Then T acts on V'tamo, 
and there is an exact triangle 

, T-i / ■* • +\ 

Under the action of T — 1 the nearby cycles decompose as V'tamc — "013,1110 ® V'tTme: where T — 1 
acts nilpotently on i/'J'amo ^i^'i invertibly on V'taiiio- Let N : ■0tamc — > "^tamoC— 1) be the logarithm of 
T, i.e. the unique nilpotent operator N such that T — exp(TN) where T is the image of T under 
7ri(G^ p, 1) Zell). Then for any a > 0, Beilinson constructs a local system Ca on together 
with a nilpotent operator Na such that for Ajj E P{U) and a > with ^'^"''^(■(/'tamc(-^c/)) = 
there is an isomorphism 

Wa„ie(^t/),^) ^ {i:'[-l]jUAu®9*Ca)pA®Na). 

Set *^(^t/) ""^ lima^oo «*[-!] j>*(^c/ ® g*Ca). Then : P{U) P{E) is a functor, and we 
obtain that N acts trivially on ^tamci^u) if and only if '^^{Au) = i*[—l]ju{Au). In this case, 5'^ 
is also defined for non-principal Cartier divisors by the formula = ° 
In the situation of Theorem 12.161 above Reich shows that the unipotent monodromy along E is 
trivial, and consequently 

i*[-l]A ~ ^';oj*{A) ~ i-[l]A. 
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Corollary 2.18 ([17]). Let A be a perverse sheaf on S whose support contains an open subset of 
S. Then the following are equivalent: 

(i) The perverse sheaf A is ULA with respect to the identity id : S ^ S . 

(ii) The complex A[~ dim{S)] is a locally constant system, i.e. a lisse sheaf. 

□ 

We use the universal local acyclicity to show the perversity of certain complexes on the Beilinson- 
Drinfeld Grassmannian. For every finite index set /, there is the quotient map — E onto a 
connected component of S. Set 

gri grx^x'. 

If / = {*} has cardinality 1, we write Qrx — Qri- 

Remark 2.19. Let X = A.\, with global coordinate t. Then Ga acts on X via translations. We 
construct a Go-action on Qr as follows. For every x G Go(i?), let Ox be the associated automorphism 
of Xn- li D £ then we get an isomorphism a_x : clxD D. Let {D,T,f3) G Qtg^R). Then 

the Ga-action on Qtq — j> S is given as 

Let Ga act diagonally on X^, then the structure morphism Qri — > X^ is Ga-equivariant. If \I\ = 1, 
then by the transitivity of the Ga-action on X, we get Qrx — Grg x X. Let p : Qrx G^g be the 
projection. Then for every perverse sheaf A on Grc, the complex is a ULA perverse sheaf 

on Qrx by Remark l2.14l (ii) and the smoothness of p. 

Now fix a finite index set / of cardinality A: > 1. Consider the base change along X^ S of 
the fc-fold convolution diagram from Definition 12.111 

(2.3) UQrx.^CGj^Qrj^Qrj. 

iei 

Now choose a total order / = {1, . . . , k}, and set 1° — /\{1}. Then pi (resp. qj) is a £+Gj-torsor, 
where C+G] = X' x^/" C+do. 

Let C^Gx = C'^G x^ X, and denote by Pc+Gxi^^)^^^ category of /I+G'jf-equi variant 
ULA perverse sheaves on Qrx- For any i £ I, let Ax,i G P{Qrx)^^^ such that Ax,i are C^Gx- 
equivariant for i > 2. We have the Y[i>2 'C+Gx.i-equivariant ULA perverse sheaf Mi^iAx,i on 

Lemma 2.20. There is a unique ULA perverse sheaf Mi^jAx.i on Qrj such that there is a qj- 
equivariant isomorphisr^ 

q*I{M,eIAx^^) ^ p*I{^^eIAx.^), 

where qj-equivariant means with respect to the action on the C'^Gj-torsor qi : CGj — ^ Qrj. If Ax,i 
is also C^Gx-equivariant, then Mi,ziAx,i is C^Gi-equivariant 

Remark 2.21. The ind-scheme CGj is not of ind-finite type. We explain how the pullback 
functors p*i,q*i should be understood. Let Yi, . . . , Yfe be ^C+G-equi variant closed subschemes of Qrx 
containing the supports of ^i, . . . ,Ak ■ Choose N » such that the action of L^Gx on each 
Yi, . . . , Yfe factors over the smooth affinc group scheme Hx = Res^iw) /x(G'), where is the N- 
th infinitesimal neighbourhoud of the universal Cartier divisor D over X. Let Kx — ker(£+Gj!f — >■ 
Hat), and Y = Yi x . . . Yj,. Then the left i^Tv-action on each Yj is trivial, and hence the restriction 
of the p/-action resp. (//-action on p^^{Y) to ni>2 -^^^ agree. Let hx '■ p7^(^) ^ be the 



^See Remark[22I]below. 
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resulting Y\-^2 ^N-torsor. By Lemma EH below, we get a factorization 

p7\y) 




pi.N qi.N 

where Pi,n^ Qi,n are Jli>2 -ffAr-torsors. In particular, Yj\j is a separated scheme of finite type, and 
we can replace p} (resp. qj) by pj jy (resp. q} j^)- 

Proof of Lemma \2.20\ We use the notation from Remark 12.211 above. The sheaf p*i.f^{Mi^iAx.i) 
is ni>2 ^^Af-equivariant for the g/^Ar-action. Using descent along smooth torsors (cf. Lemma IA.2I 
below), we get the perverse sheaf Mi^jAx^i, which is ULA. Indeed, p}.f^{Mi^iAx,i) is ULA, and 
the ULA property is local in the smooth topology. Since the diagram (|2.3p is £+G/-equivariant, 
the sheaf ^ii^iAx,i is £'*'G/-equivariant, if Ax,i is iZ^Gjf-equi variant. This proves the lemma. □ 

Let Uj be the open locus of pairwise distinct coordinates in . There is a cartesian diagram 

I I 

X' < Ui. 

Proposition 2.22. The complex mi^^..{Mi(=iAx,i) is a ULA perverse sheaf on Qri, and there is a 
unique isomorphism of perverse sheaves 

mi^^(Mi(zjAx,i) ^ ii\^{M.i(zjAxs\ui): 
which is C^Gi-equivariant, if Ax.i is C^Gx-equivariant. 

Proof. The sheaf ^i^jAx.i is by Lemma [2. 201 a ULA perverse sheaf on Qri. Now the restriction of 
the global convolution morphism m/ to the support of Mi(ziAx,i is a proper morphism, and hence 
mi^^{Mi^jAx,i) is a ULA complex by Lemma [^?TS] Then m/ — j\*{{^ieiAx,i)\ui), 
as follows from Theorem 12.161 (i) and the formula mi* o ~ (u o u)]^ for open immersions V ^ 
U ^ T, because mi\ui is a-n isomorphism. In particular, mi,^{^i£iAx.i) is perverse. Since mj is 
£+G/-equivariant, it follows from proper base change that mi^f{Mi^iAx.i) is /^"'"Gz-equivariant, 
if Ax,i is £+Gx-equivariant. This proves the proposition. 

□ 

2.3. The Symmetric Monoidal Structure. First we equip Pc+Gx(^x)^^^ with a symmetric 
monoidal structure ^. which allows us later to define a symmetric monoidal structure with respect 
to the usual convolution ()2.ip of L+G-equivariant perverse sheaves on Gig- 

Fix /, and let Ui be the open locus of pairwise distinct coordinates in X^ . Then the diagram 



(2.4) 



Qrx — '-^ Qri {Qrx)\ui 

^ diag ^ 
X % X^ < Ui. 



is cartesian. 

Definition 2.23. Fix some total order on /. For every tuple {Ax,i)iei with Ax,i & P{Qrx)^^^ 
for i £ I, the I-fold fusion product '>'f iiziAx,i is the complex 

^^eIAx^^ = i*j[-k + l]ji,4{^,eiAx,i)\ur) ^DliQrxMd. 

where k = 1/1. 
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Now let TT : / J be a surjection of finite index sets. For j e J, let Ij = 7r^^(j), and denote by 
tlie open locus in such that the /j -coordinates are pairwise distinct from the /j' -coordinates 
for j ^ j' . Then the diagram 

Q^J (n, Qri )\u„ 

1 1 1 

x-^ . X' < u^, 

is cartesian. The following theorem combined with Proposition 12.221 is the key to the symmetric 
monoidal structure: 

Theorem 2.24. Let I be a finite index set, and let Ax,i G Pc+Gxi^x)^'"^ for i E I. Let 
TT : I ^ J be a surjection of finite index sets, and set k-„ — \I\ — \ J\- 

(i) As complexes 

i*A~krr]ji,\.{{M,eiAx.^)\uj) ^ il[K]jI,wii^^eIAx,^)\uJ), 

and both are C^Gj-equivariant ULA perverse sheaves onQrj. Hence, ^i^jAx.i S Pc+Gxi^x)^^^ ■ 

(ii) There is an associativity and a commutativity constraint for the fusion product such that there 
is a canonical isomorphism 

where Ij = 7r^^(j) for j G J. In particular, (Pc+Gxi^^)'^^'^ symmetric monoidal. 

Proof. Factor tt as a chain of surjective maps / = /i —>■ /2 ^ Ik^ = J with \Ii+i \ — + 1, 

and consider the corresponding chain of smooth Cartier divisors 

x-' ^ X'-' — > ... — > x'^ — > x'^ = x'. 

By Proposition 12.221 the complex j/j*((Hig/^x,j)l'7i) ULA. Then part (i) follows inductively 
from Theorem [236] (i) and (ii). This shows (i). 

Let r : / / be a bijection. Then r acts on X^ by permutation of coordinates, and diagram (|2.4I) 
becomes equivariant for this action. Then 

T*]I^,{{m,eIAx,^)\u,) - 3I.w{{^^eIAx,r-^^))\uI)■ 

Since the action on diag(X) C X^ is trivial, we obtain 

i*iji.y*{{^iei^x,i)\u,) - i*iT*ii^\^{{Mi(,iAx,i)\ui) - iiji,<.*{{^iei-^x,T-^i))\ui), 

and hence >Kie/-^x,i — ^ieiAx.T-^{i)- It remains to give the isomorphism defining the symmetric 
monoidal structure. Since ji — j^^ ° Yij Jij ' diagram (j2.5l) gives 

ijI^*m,eIAx,^)\u,))\u^ - MJeJJI,Mi^^eI,Ax^^)\u,^)■ 
Applying (i^jfj^ )* [fc^r] and using that Utt H X'^ = Uj, we obtain 

{il[K]ji,w{{^^eiAx,t)\uj))\uj - ^jej(*»e/,^x,«). 
But by (i), the perverse sheaf i'^[kTr]jij^{{^i^jAx,i)\ui) is ULA, thus 

^l[kAjI.^*{{^^eIAx,^)\uJ) - jj,w{{^jej{*tei,AxMuj), 

and restriction along the diagonal in X"^ gives the isomorphism ^i^iAx,i — *jGj(*iG/j-^x,i)- 
This proves (ii). □ 

Example 2.25. Let G = {e} be the trivial group. Then Qrx = X. Let Loc(X) be the category of 
£-adic local systems on X. Using Corollarv l2.18[ we obtain an equivalence of symmetric monoidal 
categories 

7^0 o [-1] : (P(X)Ui^A, *) (Loc(X), ®), 
where Loc(Ar) is endowed with the usual symmetric monoidal structure with respect to the tensor 
product (g). 
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Corollary 2.26. Let D^^{X, Qi)^^^ he the category of ULA complexes on X. Denote by / : Qrx 
X the structure morphism. Then the functor 

/4-l]:(P(grx)U^^,*) {DliXMd,®) 

is symmetric monoidal. 

Proof EAx e P{Qrx)^^^, then f,Ax e Dl{X,Qe)^^^ by Lemma HH] and the ind-properness of 
/. Now apply to the isomorphism in Theoreni l2.24l (ii) defining the symmetric monoidal structure 
on P{Qrx)^^^ ■ Then by proper base change and going backwards through the arguments in the 
proof of Theorem 12.241 (ii). we get that /*[— 1] is symmetric monoidal. □ 

Corollary 2.27. Let X = Ap. Let p : Qrx — > Giq be the projection, cf. Remark \2.19\ 

(i) The functor 

embeds Pl+g{G^g) o,s a full subcategory and is an equivalence of categories with the subcategory 
of Ga-equivariant objects in Pc+Gxi^x)^^^ ■ 

(ii) For every I and Ai G P]^+q{Gtg), « G /, there is a canonical C'^Gx-equivariant isomorphism 

p*[l]{MeiAr) ~ *,;e/(p*[l]A), 
where the product is taken with respect to some total order on I. 

Proof. Under the simply transitive action of Ga on X, the isomorphism Qrx — Gtg x X is compat- 
ible with the action of L+G under the zero section L+G ^ C^Gx- By Lemma [2. 191 the complex 
is a ULA perverse sheaf on Qrx- It is obvious that the functor p*[V\ is fully faithful. Denote 
by zo : Gr^ Qrx the zero section. If Ax on Qrx is Ga-equivariant, then Ax — P*[l]*o[~l]-^x- 
This proves (i). 

By Remark l2.12[ the fiber over diag({0}) £ X^{F) of (|2.3p is the usual convolution diagram p.ip . 
Hence, by proper base change, 

iS[-l](>l<»e/P*[l]A) ^ -k^eIio[-l]p*[l]A^ - *»e/A- 
Since ^i^ip*[l]Ai is Ga-equivariant, this proves (ii). □ 

Now we are prepared for the proof of Theorem 12.11 

Proof of Theorem \2.1\ Let X ~ A}p. For every Ai,A2 £ P(GrG) with A2 being L+G-equivariant, 
we have to prove that Ai -k A2 E P{Gig)- By Theorem 12.241 (i), the >i<-convolution is perverse. 
Then the perversity of Ai * A2 follows from Corollarv 12.271 (ii). Again by Corollarv 12.271 (ii), the 
convolution Ai * A2 is L+G-equivariant, if Ai is L+G-equivariant. This proves (i). 
We have to equip (PL+G(GrG), *) with a symmetric monoidal structure. By Corollarv 12. 27| the 
tuple (PL+G(GrG),*) is a full subcategory of (Pc+Gxi^x)^^^ ,^): and the latter is symmetric 
monoidal by Theorem 12.241 (ii), hence so is (Pi+G(GrG), *)• Since taking cohomology is only 
graded commutative, we need to modify the commutativity constraint of (Pi+G(GrG), *) by a sign 
as follows. Let F be a separable closure of F. The L+Gj^-orbits in one connected component 
of GrG p are all either even or odd dimensional. Because the Galois action on GrG p commutes 
with the L+Gp^-action, the connected components of GrG are divided into those of even or odd 
parity. Consider the corresponding Z/2-grading on Pj,+G(GrG) given by the parity of the connected 
components of GrG. Then we equip (PL+G(GrG), *) with the super commutativity constraint with 
respect to this Z/2-grading, i.e. if A (resp. B) is an L+G-equivariant perverse sheaf supported on 
a connected component Xj, (resp. Xb) of GrG, then the modified commutativity constraint differs 
by the sign (— 1)p('^-a)p(-''^b)^ where p{X) £ Z/2 denotes the parity of a connected component X of 
GrG. 

Now consider the global cohomology functor 

^(-) =0^'r(GrG,^,(-)^):Pi+G(GrG) -^VecQ,. 
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Let / : Qrx — > be the structure morphism. Then the diagram 



P*[1]°(-)f 



(Grc) > VecQ, 

is commutative up to natural isomorphism. Now if ^ is a perverse sheaf supported on a connected 
component X of Gtg, then by a theorem of Lusztig [101 Theorem 11c], 

RTiGi-a^F, -^f) =0, p{X) (mod 2), 

where p{X) £ Z/2 denotes the parity of X. Hence, CoroUarv 12.261 shows that w is symmetric 
monoidal with respect to the super commutativity constraint on Pl+g{Gt:g)- To prove uniqueness 
of the symmetric monoidal structure, it is enough to prove that lo is faithful, which follows from 
Lemma [3^ below. This proves (ii). □ 

3. The Tannakian Structure 

In this section we assume that F — F \s separably closed. Let be a set of representatives of 
the L+G-orbits on Gig- For /i S we denote by the corresponding L+G-orbit, and by 
its reduced closure with open embeddding : '-^ O^. We equip X^ with the partial order 
defined as follows: for every X, fi ^ X'^, we define A < /i if and only if 0\ C O^. 

Proposition 3.1. The category PL+Gi^^G) is semisimple with simple objects the intersection 
complexes 

IC^ = j,':Q£[dim(OJ], for e X^. 

In particular, if^j'^ (resp. ^jfj denotes the perverse push forward (resp. perverse extension by 
zero), then ji^ ~ ^jf ~ Pj^. 

Proof. For any /i G X^, the etale fundamental group 7rJ*(C'^) is trivial. Indeed, since 0^\0^ is 
of codimension at least 2 in O^, Grothendieck's purity theorem implies that -Kf{0^) — T:f'{0^). 
The latter group is trivial by [SGAl, XI. 1 Corollaire 1.2], because 0\ is normal (cf. g]), projective 
and rational. This shows the claim. 

Since by [151 Lemme 2.3] the stabilizers of the L+G-action are connected, any L+G-equivariant 
irreducible local system supported on is isomorphic to the constant sheaf Q^. Hence, the simple 
objects in Pl+g{G^g) are the intersection complexes IG^ for fi £ X'^. 
To show semisimplicity of the Satake category, it is enough to prove 

Exti.(G,^)(ICA,IG^) = HomB.(G,^)(IGA,IC^[l]) = 0. 
We distinguish several cases: 
Case (i): A = /i. 

Let A A Of\0^, and consider the exact sequence of abelian groups 

(3.1) Hom(IC^,ia'lG^[l]) Hom(IG^, IC^[1]) Hom(IG^, j;j*IG^[l]) 

associated to the distinguished triangle i\i lG^ — > IG^ — > j*j*IG^. We show that the outer groups 
in (|3.ip are trivial. Indeed, the last group is trivial, since j*IC^ = Q£[dim(C^)] gives 

Hom(IC^,j,riC^[l]) = Hom(j*IG^,riC^[l]) - Ext\Q,,Q,). 

And Ext^(Q£,Q£) = iJ^^(C'^,Q£) = 0, because is simply connected. To show that the first 
group 

Hom(IC^,i,rIG^[l]) = Hom(riC^, rIG^[l]) 

is trivial, we prove that rIC^[l] lives in perverse degrees > 1. Or equivalently, the Verdier dual 
^(rlG^) = i*IC^ lives in perverse degrees < —2. By a theorem of Lusztig [101 Theorem 11c], 
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z*ICp is concentrated in even perverse degrees, and the 0th perverse cohomology vanishes, since 

IC^ is a middle perverse extension along j'^. This proves case (i). 

Case ill): A ^ /i and either X < fi or fj, < X. 

If A < /i, let i : 0\ ^ be the closed embedding. Then 

Hom(nICA,IC^[l]) = Hom(ICA,i'lC^[l]), 

and this vanishes, since rIC^ [l] lives in perverse degrees > 1 by case (i) above. If /i < A, let 
i : ^ 0\ the closed embedding. Then 

Hom(ICA,iJC^[l]) = Hom(z*ICA,IC^[l]) 
vanishes, since i*ICA lives in perverse degrees < —2 as before. This proves case (ii). 
Case (iii): A ^ /i and /i ^ A. 

We may assume that A and /i are contained in the same connected component of Grg. Choose 
some V S with A, < v. Consider the cartesian diagram 

1-2 

Oa ^ — > 

Then adjunction gives 

(3.2) Hom(ii, JCa, i2, JC^[1]) = Hom(i;ii, JCa, IC^[1]), 

and i2«i,*ICA — ti^+tpCA by proper base change. Hence (|3.2p equals IIom(t2lCA, tiICp[l]) which 
vanishes. This proves case (iii), hence the proposition. □ 

The afhne group scheme i+G„i acts on Gyq as follows. For x G L+G„j(i?), denote by Vx the 
automorphism of Spec(i?[[i]]) induced by multiplication with x. If 7^ is a G-torsor over Spec(i?[t]), 
we denote by v*J- the pullback of T along Vx- Let [J-^fi) G GrG(i?). Then the action of i+G„i 
on Gtq is given by 

(.F,/3) ^ «-,.F,<-x/3), 

and is called the Virasoro action. 

Note that every L+G-orbit in Giq is stable under L+Gm- The semidirect product L+G xi L^Gm 
acts on GiQ, and the action on each orbit factors through a smooth connected affine group scheme. 
Hence, we may consider the category Pl+cxl+G™ (Grc) of L+G xi i+G„i-equivariant perverse 
sheaves on Grg. 

Corollary 3.2. The forgetful functor 

^L+G>^L+G,„(GrG) — > Pl+g{Gi-g) 

is an equivalence of categories. In particular, the category -PL+G(GrG) does not depend on the 
choice of the parameter t. 

Proof. By Proposition 13 . 1 1 above, every L+G-equivariant perverse sheaf is a direct sum of intersec- 
tion complexes, and these are L+Gm-equivariant. □ 

Remark 3.3. li X — Ap is the base curve, then the global affine Grassmannian Qrx splits as 
Qrx — GiQ X X. Corollarv 13.21 shows that we can work over an arbitrary curve X as follows. Let 
X be the functor on the category of i^-algebras R parametrizing tuples (x, s) with 

X G X{R) is a point; 

s is a continuous isomorphism of i?-modules Oxh.,x 

where Oxii,x is the completion of the i?-module Oa'h.x along the maximal ideal mx at x. The 
affine group scheme L"'"Gm operates from left on X by (17,(0;, s)) 1— > {x,gs). The projection p : 



«2 
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X X,{x^ s) ^ X gives X the structure of a L+Gm-torsor. Then Qrx — Gtg X'^ X, and we 
get a diagram of L+G„i-torsors 

Gin X X 




Qrx- 

For any A G Pi^+q{Gig)i the perverse sheaf A Kl Qj?[l] on Gig x X is L+Gm-equivariant by 
Corollarv l3.2l Hence, p*{A Kl Q£[l]) descends along q to a perverse sheaf ^K1Q^[1] on Qrx- 

We are going to define a fiber functor on Pi^+q{Gtg). Denote by 
(3.3) c^(-) = 0i?T(GrG,-) : Pl^g{.Gig) ^ VecQ, 

the cohomology functor with values in the category of finite dimensional Q^-vector spaces. 

Lemma 3.4. The functor lo : P]^+q[Gvq) — > Vecq,^ is additive, exact and faithful. 

Proof. Additivity is immediate. Exactness follows from Proposition l3.11 since every exact sequence 
splits, and lo is additive. To show faithfulness, it is enough, again by Proposition 13.11 to show 
that the intersection cohomology of the Schubert varieties is non-zero. Indeed, we claim that the 
intersection cohomology of any projective variety T is non-zero. Embedding T into projective space 
and projecting down on hyperplanes, we obtain a generically finite morphism tt : T ^ P". Using 
the decomposition theorem, we see that the intersection complex of P" appears as a direct summand 
in tt^ICt. Hence, the intersection cohomology of T is non-zero. This proves the lemma. □ 

Corollary 3.5. The tuple {Pl+g{Gt:g),*) is a neutralized Tannakian category with fiber functor 
w : Pl+g (Grc) Vbcq^. 

Proof. We check the criterion in [3, Prop. 1.20]: 

The category (^L+GlGrc), is abelian Q^-linear (cf. Appendix \K\ below) and by Theorem l2.1l fii) 
above symmetric monoidal. To prove that w is a fiber functor, we must show that lo is an additive 
exact faithful tensor functor. Lemma |3 . 41 shows that u is additive exact and faithful, and Theorem 
12.11 (ii) shows that lo is symmetric monoidal. 

It remains to show that (^L+clGrc), *) has a unit object and that any one dimensional object 
has an inverse. The unit object is the constant sheaf ICo — concentrated in the base point eo. 
We have End(ICo) = and dim(a;(ICo)) = 1. Now, let A G Pl+g[Gvg) with dim(w(A)) = 1. 
Then A is supported on a L+G- invariant closed point zq G Gr^. There exists z in the center of 
LG such that z • zq = eo is the basepoint. If Zq — z ■ cq, then the intersection cohomology complex 
A' supported on Zg satisfies A*A' = ICq. This shows the corollary. □ 



4. The Geometric Satake Equivalence 

In this section we assume that F — F is separably closed. Denote by H = Aut*(a;) the affine 
Q^-group scheme of tensor automorphisms defined by Corollarv l3.5l 

Theorem 4.1. The group scheme H is a connected reductive group over Qe which is dual to G in 
the sense of Langlands, i.e. if we denote by G the Langlands dual group with respect to some pinning 
of G, then there exists an isomorphism H cri G determined uniquely up to inner automorphisms. 

We fix some notation. Let T a maximal split torus of G and B a Borel subgroup containing T 
with unipotent radical U. We denote by (-,-) the natural pairing between X — Hom(T, Gm) and 
= Hom(Gm,r). Let R d X he the root system associated to {G,T), and i?+ be the set of 
positive roots corresponding to B. Let i?^ C the dual root system with the bijection R i?^. 
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a i-T- . Denote by the set of positive coroots. Let W the Weyl group of {G,T). Consider 
the half sum of ah positive roots 

P = 2 E 

aeR+ 

Let (resp. Q^) the subgroup (resp. submonoid) of generated by (resp. i?^)- We 
denote by 

Xl = {fieX'^ \ {a, /i) > 0, Va e R+} 
the cone of dominant cocharacters with the partial order on defined as follows: A < if and 
only if ^ - A e Q^. 

Note that (X^, <) identifies with the partially ordered set of orbit representatives in Section [3] 
as follows: for every fi £ X^, let the corresponding element in LT{F), and denote by eo G Gig 
the base point. Then fi ^ t^^ ■ gives the bijection of partial ordered sets, i.e. the orbit closures 
satisfy 

= 0\, (Cartan stratification) 

A<At 

where Ox denotes the i+G-orbit of ■ cq (cf. 15, §2]). 

For every i/ G X^, consider the i[/-orbit — LU ■ f^eo inside Giq (cf. [15] §3]). Then 5*1, is a 
locally closed ind-subscheme of Giq, and for every /i £ X'^, there is a locally closed stratification 

Op = y S'y n Op. (Iwasawa stratification) 

For fie XX, let 

nin) = {j^ex"^ \wv< Vw G w}. 

Proposition 4.2. For every v G and /i G the stratum Si, n Op is non-empty if and only 
if V E and in this case it is pure of dimension {p, fi + v) . 

Proof. The schemes G, B, T and all the associated data are already defined over a finitely generated 
Z-algebra. By generic flatness, we reduce to the case where F = Fq is a finite field. The proposition 
is proven in ^ Proof of Lemma 2.17.4], which relies on fTF, Theorem 3.1]. □ 

For every sequence /x, — (fii, . . . , /ife) of dominant cocharacters, consider the projective variety 
over F 

O,. p-\0,,) x^^« ... x^"«p-i(Op,_J x^"«Op„ 

inside LG x^^'^ . . . x^^'^ Grc, where p : LG — > Gtg denotes the quotient map. The quotient 
exists, by the ind-properness of Gig and Lemma [A. 41 below. 

Now let — /ii + . . . + /Xfc. Then the restriction m^, — of the fc-fold convolution 

morphism factors as 

m^. ■■ Op. — > 0|p.|, 
and is an isomorphism over 0|p.| C 0|p.|. 

Corollary 4.3. For every A G X'^ with A < | and x G 0\{F), one has 

di-m{m-l{x)) < {p, - A), 
i.e. the convolution morphism is semismall. 

Proof. The proof of (151 Lemme 9.3] carries over word by word, and we obtain that dim(m^j^ (C'a)) < 
(p, |^,| + A). Since mp, is L+G-equivariant and dim(OA) = (2p, A), the corollary follows. □ 

The convolution ICp^ * . . . ★ ICp„ is a L+G-equivariant perverse sheaf, and by Proposition 13. 11 
we can write 

(4.1) iCp,*...*iCp„ ~ v;^. ®iCa, 

A<|p.| 
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where V"^^ are finite dimensional Q^-vector spaces. 

Lemma 4.4. For every A G X'^ with A < |/^,| andx S 0\{F), the vector space V^^^ has a canonical 
basis indexed by the irreducible components of m~^{x) of exact dimension {p, — A). 

Proof. We follow the argument in Haines [7] . We claim that IC^. = IC/^i H . . . IC^^ is the 
intersection complex on O^, . Indeed, this can be checked locally in the smooth topology, and then 
easily follows from the definitions. Hence, the left hand side of (|4.ip is equal to TOp.,*(IC^,). If 
d—— dim(OA), then taking the c?-th stalk cohomology at x in (|4.ip gives by proper base change 

R''T{m-l{x),lG^,) ^ V^,. 

Since m^. : O^, ^Im.I semismall, the cohomology R'^T{m~^[x),lCf^,) admits by [TJ Lemma 
3.2] a canonical basis indexed by the top dimensional irreducible components. This proves the 
lemma. □ 

In the following, we consider O^, as a closed projective subvariety of 

C/^i X Opi+;^2 X ... X 0^1+...+^^., 

via {gi, . . . , gk) i— >■ (51, (71(72, 5i ■•• fffc)- The lemma below is the geometric analogue of the 
PRV-conjecture. 

Lemma 4.5. For every A G X'^ of the form X = vi + . . . + Vk with Vi £ W^i for i — 1, . . . ,k, the 
perverse sheaf 1C\ appears as a direct summand in IC^^ -k . . . IC^^^ . 

Proof. Let = w{i'2 + . . . + I'k) be the unique dominant element in the ly-orbit of 1^2 + • ■ • + i^k- 
Then A = i^i + w^^v. Hence, by induction, we may assume k — 2. By Lemma 14.41 it is enough to 
show that there exists x € 0\{F) such that rn~^{x) is of exact dimension (p, \p, \ — A). 

Let w €W such that wvi is dominant, and consider wA = wvi +wi>2. We denote by S^^, HO^, 
the intersection inside x 0^-^+^^ 

The convolution is then given by projection on the second factor. By |15[ Lemme 9.1], we have a 
canonical isomorphism 

Swp, n o ^, — {Swvi n Ofii) X (ySwi,2 n o^^)- 

Let y — (2/1,2/2) in (5*^,^. n 0^,){F). Since for i = 1,2 the elements wVi are conjugate under W to 
p.i, there exist by [I5i Lemme 5.2] elements ui,U2 G L^U{F) such that 

2/1 = T/ir-i • eo 
2/2=?/ii'"''^W2r''^-eo. 

The dominance of wvi implies t'^'^^ U2t~'^'^^ G L^U{F), and hence Y — S^v, H O^, maps under 
the convolution morphism onto an open dense subset Y' in S^x H Ox. Denote by h — m^, |y the 
restriction to Y. Both Y, Y' are irreducible schemes (their reduced loci are isomorphic to affine 
space), thus by generic flatness, there exists x G Y'{F) such that 

dim(/i-i(a;)) = dim(y) - dim(r') = (p, + wX) -{p,X + wX) = {p, \p,\ - A). 

In particular, dim(TO^J^(a;)) > {p, \p,\ — A), and hence equality by Corollarv l4.3l □ 

For the proof of Theorem 14. 1[ we introduce a weaker partial order ^ on X^ deflned as follows: 
A ^ p if and only if /i — A G R+Q^. Then X < p ii and only ii X ^ p and their images in X^ /Q'^ 
coincide (cf. Lemma [B. 21 below). 
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Proof of Theorem \4-.l\ We proceed in several steps: 

(1) The affine group scheme H is of finite type over Qi. 

By [21 Proposition 2.20 (b)] this is equivalent to the existence of a tensor generator in Pl+g{G'^g)- 
Now there exist fii, . . . , fik G X'^ which generate X'^ as semigroups. Then IC^^ © ... © IC^^ is a 
tensor generator. 

(2) The affine group scheme H is connected reductive. 

For every € and fc G N, the sheaf ICfe^ is a direct summand of IC*'' , hence the scheme H 
is connected by [31 Corollary 2.22]. By [5] Proposition 2.23], the connected algebraic group H is 
reductive if and only if Pl+g{G''^g) is semisimple, and this is true by Proposition 13. II 

(3) The root datum of H is dual to the root datum ofG. 

Let (X', R', A', X'^, i?'^, A'^) the based root datum of H constructed in Theorem EH below. By 
Lemma [B.5l below it is enough to show that we have an isomorphism of partially ordered semigroups 

(4.2) ixx,<) ^ (x;,<'). 

By Proposition l3.1[ the map X"^ X'^, ji ^ [IC^], where [IC^] is the class of IC^ in P]^+q{Gt:g) 
is a bijection of sets. 

For every A,/x G X^, we claim that \ < ^jl ii and only if [ICa] ^' [IC^,]. Assume A ^ /x, and 
choose a finite subset F C X^ satisfying Proposition lB.SI fiii). Let A = ®y£F^Gy, and suppose IC^ 
is a direct summand of IC^'' for some fc £ N. In particular, x < and so x G + W fi. By 
Lemma l475l the sheaf IC^^ is a direct summand oflC*''*^, which means [ICa] ^' [IC^]. Conversely, 
assume [ICa] ^' [IC^]. Using Proposition lB.3l (iv) below, this translates, by looking at the support, 
into the following condition: there exists v G X^ such that Ok\ C Ofc^^+i/ holds for infinitely many 
fc G N. Equivalently, kX < k/i + h' for infinitely many fc G N which implies A ^ /i. 

For every A, /i G X'^, we claim that [ICa] + [IC^] = [ICA+;i] in X'_^: by the proof of Theorem lB.il 
below, [ICa] + [IC^] is the class of the maximal element appearing in ICa *IC^j. Since the partial 
orders ^, ^' agree, this is [ICa+^]. 

It remains to show that the partial orders <, <' agree. The identification — X'^_ prolongs to 
— X'. We claim that Q]^ = Q'^ under this identification and hence — Q', which is enough 
by Lemma rB.2l below. Let G Q^l a simple coroot, and choose some G X^ with = 2. 

Then fi + Sa{fJ-) — 2^ — is dominant, and hence IC2p-QV appears by Lemma 14.51 as a direct 
summand in IC*'^. By Lemma FB. 41 this means G Q'^, and thus C Q'^. Conversely, assume 
en' G Q'j^ has the property that there exists /i G with 2/i — a' G X'jy_ and IC2;^-a' appears 
as a direct summand in IC*^. Note that every element in Q'j^ is a sum of these elements. Then 
2/x — a' < 2/i, and hence a' G Q\. This shows C Q\ and finishes the proof of (|4.2p . □ 

5. Galois Descent 

Let F be any field, and G a connected reductive group defined over F. Fix a separable closure 
F, and let Tp = Gal(F/i^) be the absolute Galois group. Let RepQ^(ri?) be the category of finite 
dimensional continuous i'-adic Galois representations. For any object defined over F ^ we denote 
by a subscript {-)p its base change to F. Consider the functor 

n:PL+G{GTG) RepQ^(rj^) 

A ^ ^R^T{GTa,p,Ap). 

There are canonical isomorphisms of fpqc-sheaves {LG)p — LGp, {L'^G)p — L^Gp and Gtq p ~ 
Grcp- Hence, ~ cj o {-)p, cf. p.3p . 

The absolute Galois group Tp operates on the Tannakian category Pl+Gj? (Grcj?) by tensor 
equivalences compatible with the fiber functor w. Hence, we may form the semidirect product 
^G = Ant*{uj){Qi) x: F^ considered as a topological group as follows. The group Aut*(w)(Qf) is 
equipped with the ^-adic topology, the Galois F^? group with the profinite topology and ^G with 
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the product topology. Let Kep^J^G) be the full subcategory of the category finite dimensional 
continuous ^-adic representations of such that the restriction to Aut* {uj)(Qi) is algebraic. 

Theorem 5.1. The functor is an equivalence of abelian tensor categories 

n-.PL^GiGvG) Rep|,(^G') 
A ^ n{A). 

The proof of Theorem 15. II proceeds in several steps. 

Lemma 5.2. Let H be an affine group scheme over a field k. Let Repj,(i?) he the category of 
algebraic representations of H , and letY{,epj^{H{k)) be the category of finite dimensional represen- 
tations of the abstract group H{k). Assume that H is reduced and that H{k) C H is dense. Then 
the functor 

^:Rep,{H) Rep,(il(fc)) 
p I — > p{k) 

is a fully faithful embedding. 

□ 

We recall some facts on the Tannakian formalism from the appendix in [T5]. Let (C,(g)) be a 
neutralized Tannakian category over a field k with fiber functor v. We define a monoidal category 
Aut'^(C,w) as follows. Objects are pairs (cr, a), where cr : C ^ C is a tensor automorphism and 
a:uo(T— >uisa natural isomorphism of tensor functors. Morphisms between (cr, a) and ((T',a') 
are natural tensor isomorphisms between a and a' that are compatible with a, a' in an obvious 
way. The monoidal structure is given by compositions. Since v is faithful, Aut®(C, v) is equivalent 
to a set, and in fact is a group. 

Let H — Aut^(ti), the Tannakian group defined by (C,u). There is a canonical action of 
Aut'*(C, v) on H by automorphisms as follows. Let (cr, a) be in Aut®(C, v) . Let i? be a fc-algebra, 
and let h : vr ^ VRhe a i?-point of H . Then (cr, a) ■ h is the following composition 

hold a 

vr — > vro a — > vro a — > vr. 

Let r be an abstract group. Then an action of F on (C, v) is by definition a group homomorphism 
act:r^Aut®(C,w). 

Assume that F acts on (C,w). Then we define , the category of F-equivariant objects in C 
as follows. Objects are (A", {c-y}^gr), where X is an object in C and : act^(A) ~ A is an 
isomorphism, satisfying the natural cocycle condition, i.e. c oact^'(c^). The morphisms 

between (A, {c^j^gr) and (A', {c'^}~feT) are morphisms between A and A', compatible with c-y, c'^ 
in an obvious way. 

Lemma 5.3. Let T he a group acting on (C,w). 
(i) The category is an abelian tensor category. 

ill) Assume that H is reduced and that k is algebraically closed. The functor v is an equivalence 
of abelian tensor categories 

^ Rep^(i?(fc) xF) 

where Rep^(-ff(A:) xi F) is the full subcategory of finite dimensional representations of the abstract 
group Hik) xi F such that the restriction to H{k) is algebraic. 

Remark 5.4. In fact, the category is neutralized Tannakian with fiber functor v. If F is finite, 
then Aut®r('y) ~ xi F. However, if F is not finite, then Ani®r{v) is in general not iJ xi F, where 
the latter is regarded as an affine group scheme. 

Proof of Lemma 15.31 The monoidal structure on is defined as 

(A, {c^l^er) ® (A', {c'A^er) - (A", {cl'^er), 
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where X" — X ® X' and c" : &ci^{X") X" is the composition 

act^(X ® X') ~ act-y(X) ® act^(X') X ® X' . 
This gives the structure of an abeUan tensor category. 

Now assume that H is reduced and that k is algebraically closed. It is enough to show that as 
tensor categories 

4- : Repfc(i/)i^ ^ Rep^(i7(fc) >^r) 

compatible with the forgetful functors. Let ((V^, p), {c-,}-ygr) G Repj.(i/)^. Then we define (V^,pr) G 
Rep^(H(A:) x T) by 

(/i,7) ^ p(/i)oa,,(y)o«oc;i e GL(\^), 

where au : v o ah — v is induced by the action of T as above. Using the cocycle relation, one checks 
that this is indeed a representation. By Lemma 15.21 the natural map 

HomH(p,p') — > RomH(k){p{k),p'(k)) 

is bijective. Taking F-invariants shows that the functor 'i' is fully faithful. Essential surjcctivity is 
obvious. □ 

Now we specialize to the case (C,®) = {PL+Gp{GrQ p),-*:) with fiber functor v ~ uj. Then the 
absolute Galois group T = Tp acts on this Tannakian category (cf. Appendix IA.1[) . 

Proof of Theorem \5.1\ The functor Q is fully faithful. 

Let Pl+Gp{G^g f)^ '^ be the full subcategory of PL+GpiG^G.p)^ consisting of perverse sheaves 
together with a continuous descent datum (cf. Appendix lA.ll) . By Lemma IA.6[ the functor 
A ^ Ap is an equivalence of abehan categories PL+ciGi^G) — Pl+Gp.{G^g,f)^''^- Hence, we get a 
commutative diagram 

PL+GAG^Cpf Rep|^(^G) 
A^ Ap 

PL^GiGrc) ^ Rep|^(^G), 

where w is an equivalence of categories by Lemma 15.31 (ii), and where the vertical arrows are fully 
faithful. Hence, 57 is fully faithful. 

The functor fl is essentially surjective. 

Let p be in Rep^^(^G'). Without loss of generality, we assume that p is indecomposable. Let 
H = Aut*(a;). By Proposition 13. 1[ the restriction p\h is semisimple. Denote by A the set of 
isotypic components of p\h- Then Tp operates transitively on A, and for every a g A its stabilizer 
in Ff is the absolute Galois group F^; for some finite separable extension E/F. By Galois descent 
along finite extensions, we may assume that E = F, and hence that p\h has only one isotypic 
component. Let po be the simple representation occuring in p\h- Then Honi/f (po, p) is a continuous 
F-representation, and the natural morphism 

po 0Hom//(po,/o) — > P 

given hy V ® f ^ f{v) is an isomorphism of ^G-representations. Let ICx be the simple perverse 
sheaf on Grg. p with uj{\Gx) — Po- Since p has only one isotypic component, the support X = 
supp(ICx) is F-invariant, and hence defined over F. Denote by V the local system on Spec(F) 
given by the F-representation Homnipo, p)- Then ICx ®V is an object in P]^+q{Gig) such that 
fl(lCx ®V) ~ po® Hom/f(/9o, p)- This proves the theorem. □ 

The proof of Theorem 15. II also shows the following fact. 
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Corollary 5.5. Let A G P]^+Q{GrG) indecomposable. Let {Xi}i^i be the set of irreducible com- 
ponents o/supp(,4^). Denote by E the minimal finite separable extension of F such that Xi is 
defined over E for all i ^ L . Then as perverse sheaves on Gte 

Ae =i 0ICx, «>^^, 

iei 

where Vi are indecomposable local systems on Spec(i?). 

□ 

We briefly explain the connection to the full L-group. For more details see the appendix in [T5] . 
Let G be the reductive group over dual to Gp in the sense of Langlands, i.e. the root datum 
of G is dual to the root datum of Gp. There are two natural actions oiVp on G as follows. Up to 
the choice of a pinning (G, B, T, X) of G, we have an action act'^'s via 

(5.1) act'^'s . ^ Out(G^) Out(G) Aut(G, B, f , X) c Aut(G), 

where Out(-) denotes the outer automorphisms. On the other hand, we have an action act^''" : 
— > Aut(G) via the Tannakian equivalence from Theorem 14. II The relation between act^°° and 
act'^'^ is as follows. 

Let cycl : rij- — > be the cyclotomic character of Fj? defined by the action oiTp on the ^°°-roots 
of unity of F. Let Gad be the adjoint group of G. Let p be the half sum of positive coroots of G, 
which gives rise to a one-parameter group p : G,„ — > Gad- We define a map 

X:Fj. ^Z,x ^Gad(Q^), 
which gives a map Ad,,- :Vp Aut(G) to the inner automorphism of G. 
Proposition 5.6 ( 18 Proposition A. 4). For all 7 G F^?, 

acts°°(7) = act^'s(^) o Adx(7). 

□ 

Remark 5.7. Proposition 15.61 shows that act^°° only depends on the quasi-split form of G, since 
the same is true for acf^'^. In particular, the Satake category Pe+q{Gig) only depends on the 
quasi-split form of G whereas the ind-scheme Gr^ does depend on G. 

Let ^G'^'e = G(Q^) Xact-i^ be the full L-group. Set ^Gs°° = G{Qi) Xacts- Tp. 

Corollary 5.8 ([18] Corollary A.5). The map (3,7) ^ (f;), 7) gives an isomorphism 

LQalg LQgco 

□ 

Combining Corollary 15.81 with Theorem 15. 1[ we obtain the following corollary. 

Corollary 5.9. There is an equivalence of abelian tensor categories 

PL^ciGTG) Rep|^(^G'^>8), 

where Rep^^ (^G'^'s) denotes the full subcategory of the category of finite dimensional continuous 
l-adic representations of^G^^^ such that the restriction to G{Qe) is algebraic. 

□ 
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Appendix A. Perverse Sheaves 

For the construction of the category of £-adic perverse sheaves, we refer to the work of Y. 
Laszlo and M. Olsson [llj . In this appendix we explain our conventions on perverse sheaves on 
ind-schemes. 

Let F be an arbitrary field. Fix a prime £ ^ char(i^), and denote by Qe the field of ^-adic 
numbers with algebraic closure Q^. For any separated scheme T of finite type over F, we consider 
the bounded derived category D^{T,Qi) of constructible £-adic sheaves on T. Let P{T) be the 
abelian Q^-linear full subcategory of i!-adic perverse sheaves, i.e. the heart of the perverse t- 
structure on the triangulated category D'^{T, Qi). 

Now let {T)i^j be an inductive system of separated schemes of finite type over F with closed 
immersions as transition morphisms. A fpqc-sheaf T on the category of .F-algebras is called a 
strict ind- scheme of ind- finite type over F if there is an isomorphism of fpqc-sheaves 7" — lir^ . Ti, 
for some system {T)i^i as above. The inductive system {T)i^i is called an ind-presentation ofT. 

For i < j, push forward gives transition morphisms D^{Ti,Q£) D'^{Tj,Qi) which restrict to 
P{Ti) — !> P{Tj), because push forward along closed immersions is t-exact. 

Definition A.l. Let T be a strict ind-scheme of ind-finite type over F, and {Ti)i^j be an ind- 
presentation. 

(i) The bounded derived category of constructible t-adic complexes D^{T,Q() on 7" is the inductive 
limit 

D',iT,Qe) - In^i^.^r^Q,). 

i 

(ii) The category of £-adic perverse sheaves P{T) on T is the inductive limit 

P{T) = limP(T,). 

i 

The definition is independent of the chosen ind-presentation of T. The category D^{T,Qe) 
inherits a triangulation and a perverse ^-structure from the D^{Ti,Q£ys. The heart with respect 
to the perverse t-structure is the abelian Q^-linear full subcategory P{T). 

If / : T — > 5 is a morphism of strict ind-schemes of ind-finite type over F, we have the 
Grothendieck operations f*, f], f* , f ' , and the usual constructions carry over after the choice of 
ind-presentations. 

In Section [2?3l we work with equivariant objects in the category of perverse sheaves. The context 
is as follows. Let / : T — 5 be a morphism of separated schemes of finite type, and let iJ be a 
smooth affine group scheme over S with geometrically connected fibers acting on / : T — S*. Then 
a perverse sheaf .A on T is called H -equivariant if there is an isomorphism in the derived category 

(A.l) 6: a* A ~ p* A, 

where a : H Xs T T (resp. p : H Xs T ^ T) is the action (resp. projection on the second 
factor). A few remarks are in order: if the isomorphism (|A.1|) exists, then it can be rigidified such 
that 6^9 is the identity, where ct ■ T H Xs T is the identity section. A rigidified isomorphism 
9 automatically satisfies the cocycle relation due to the fact that H has geometrically connected 
fibers. 

The subcategory Ph{T) of P{T) of i?-equivariant objects together with if-equivariant mor- 
phisms is called the category of H -equivariant perverse sheaves on T. 

Lemma A. 2 Remark 5.5). Consider the stack quotient H\T, an Artin stack of finite type 
over S . Let p : T ^ H\T be the quotient map of relative dimension d = dim{T / S) . Then the pull 
back functor 

p*[d] : PiH\T) PniT), 
is an equivalence of categories. In particular, Ph{T) is abelian and Qi-linear. 
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□ 

Now let 7" be a strict ind-scheme of ind-finitc type, and / : T — > 5 a morphism to a separated 
scheme of finite type. Fix an ind-presentation {Ti)i^i of 7". Let {Hi)i^i be an inverse system of 
smooth affine group scheme with geometricahy connected fibers. Let % — lini . Hi be the inverse 
hmit, an affine group scheme over S, because the transition morphism are affine. Assume that % 
acts on f : T ^ S such that the action restricts to the inductive system (/ItJiie/. Assume that 
the H-action factors through Hi on /It^ for every i e /. 

Definition A. 3. Let f : T ^ S, {Ti)i^j and H as above. The category Ph{T) of H-equivariant 
perverse sheaves on T is the inductive hmit 

Pn{T) - lim Ph,(T,). 

i 

It follows from Lemma IA.2I that the category P-u (T) is an abelian Qf-linear category. The 
following lemma is used throughout the text. 

Lemma A. 4. Let T ^ S be a TL-torsor, and let Y be a S-scheme with H-action. Assume that the 
action ofTL onY factors over Hi for i » 0. Then there is a canonical isomorphism of fpqc- sheaves 

T x^Y ^ T(') x"' Y, 

where T^') x'^ H,. 

□ 

Remark A. 5. In particular, if T^*' x^* y is representable of finite type, then is T x^ Y is 
representable of finite type. 

A.l. Galois Descent of Perverse Siieaves. Fix a separable closure F of F. Let F = Gal(i^/F) 
be the absolute Galois group. For any complex of sheaves A on T, we denote by Ap its base 
change to Tp = T (x) F. We define the category of perverse sheaves with continuous T-descent 
datum P{TpY''^ as follows. The objects are pairs („4, {c^}7Gr): where A G P{Tp) and {c-y}-ygr is 
a family of isomorphisms 

C'-y . ^^v4 ^ ^A^ 

satisfying the cocycle condition c^'-y = c^o^^c^) such that the datum is continuous in the following 
sense. For every i G Z and every locally closed subscheme S CT such that the standard cohomology 
sheaf W{A)\s is a local system, and for every U ^ S etale, with U separated quasi-compact, the 
induced ^-adic Galois representation on the C/^-sections 

F GLiW{A){Up)), 

is continuous. The morphisms in P{Tp)^''^ are morphisms in P{Tp) compatible with the c-y's. For 
every A G P{T), its puUback Ap admits a canonical continuous descent datum. Hence, we get a 
functor 

$ : P(T) — > PiTpf'" 
A I — > Ap. 

Lemma A. 6 (SGA 7, XIII, 1.1). The functor $ is an equivalence of categories. 

□ 

Appendix B. Reconstruction of Root Data 

Let G a split connected reductive group over an arbitrary field k. Denote by Repg. the Tannakian 
category of algebraic representations of G. If /c is algebraically closed of characteristic 0, then D. 
Kazhdan, M. Larsen and Y. Varshavsky [SI Corollary 2.5] show how to reconstruct the root datum 
of G from the Grothendieck semiring if(}~[G] = K^Yie^iQ. In fact, their construction works over 
arbitrary fields. This relies on the conjecture of Parthasarathy, Ranga-Rao and Varadarajan (PRV- 
conjecture) proven by S. Kumar [9 (char(fc) = 0) and O. Mathieu ^13j (char(fc) > 0). 
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Theorem B.l. The root datum of G can be reconstructed from the Grothendieck semiring Kq[G]. 

This means, if H is another spht connected reductive group over fc, and if ip : K'^[H] — > /^(^[G'] 
is an isomorphism of Grothendieck semirings, then there exists an isomorphism of group schemes 
(j) : H G determined uniquely up to inner automorphism such that (j) = Kq [ip] . 

Let T be a maximal split torus of G and B a Borel subgroup containing T. We denote by (-, -) 
the natural pairing between X = Hom(T, G„i) and X'^ — Hom(Gm,r). Let R C X he the root 
system associated to (G, T), and R+ be the set of positive roots corresponding to B. Let i?^ C 
the dual root system with the bijection R — ^ i?^, a i— t- a^. Denote by i?^ the set of positive 
coroots. Let W the Weyl group of {G,T). Consider the half sum of all positive roots 

Let Q (resp. Q+) the subgroup (resp. submonoid) oi X generated by R (resp. R+). We denote 

by 

X+:=:{neX I {fi, a) > 0, Va e Rl} 

the cone of dominant characters. 

We consider partial orders < and :< on X defined as follows. For A, /i G X, we define X < fi if 
and only if /i — A G Q+, and we define A ^ /i if and only if ^ — A = J2aeA ^""^ with Xa G K>o- The 
latter order is weaker than the former order in the sense that A < /i implies A ^ /i, but in general 
not conversely. 

Lemma B.2 ([16]). For every A, /i G X^, then X < fJ. if and only if X ^ fi and the images of A, fi 
in X/Q agree. 

Let 

Dom-<p — {v ^ I V < /i}. 

For a finite subset F of the euclidean vector space E' = X(8)M, we denote by Conv(F) its convex 
hull. 

Proposition B.3. For A,/i G X^, the following conditions are equivalent: 

{S)X<^i 

(u) Conv(PFA) C Conv(M^^) 

(iii) There exists a finite subset F C X+ such that for all k G N; 

fc 

Dom-<fcA C WF + ^W^JL 

1=1 

(iv) There exists a representation U such that for every fc G N, every irreducible subquotient of 
V^'' is a subquotient of V®'' U. 

Proof. The equivalence of (i) and (ii) is well-known. The implication (ii)=>(iii) follows from [51 
Lemma 2.4]. Assume (iii), we show that (iv) holds: let U — ^v^pVy, and suppose V-^ is a 
irreducible subquotient of V®^ , in particular x ^ By (iii), x has the form wu + X)i=i ""^iM with 
w,wi, . . . ,Wk &W and i/ G F. Using the PRV-conjecture [2j Theorem 4.3.2], we conclude that 
is a subquotient of V^'^ ® V^, hence also of V^*^ U. This shows (iv). The implication (iv)^(i) 
is shown in |8l Proposition 2.2]. □ 

For fi G X+, let be the corresponding element in Kq[G]. Let Q+ C X be the semigroup 
generated by the set 

{a e X \ 3 fi e X+ : 2fi-a e X+ and - U2p-Q G K^[G]}. 

Lemma B.4. There is an equality of semigroups Q+ — Q+. 
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Proof. It is obvious that Q+ C Q+, and we show that contains the simple roots. Let a be 
a simple root, and choose some n E X such that (/i,a^) = 2. Then 2/i — a paired with any 
simple root is positive, and hence fi + Sa{fJ-) — 2/i — a is dominant. By the Pi?T^-conjecture 
[21 Theorem 4.3.2], the representation V2p-a appears as an irreducible subquotient in V^"^, i.e. 

The proof of Theorem IB . 1 1 goes along the lines of [Kl Corollary 2.5]. 

Proof of Theorem \B.1\ By Lemma IB. 51 below it is enough to construct the partially ordered semi- 
group {X+, <) of dominant weights. 

The underlying set of dominant weights X+ is the set of irreducible objects in ^(^[G]. Then the 
partial order < on X+ is characterized by ProDOsition lB.3l as follows: for A, /i G X+, one has A M 
if and only if there exists a u E [G] such that for all fc G N and G X-^- , 

v^^-v,eK+[G] =^ v^^-u-v,eK+[G]. 

The semigroup structure on X+ is given by: for A, /i G X+, one has — X + n if and only if v is the 
unique dominant weight which is maximal (w.r.t. ^) with the property that vx - v^j^ — Vy G Kq[G\. 
Now X is the group completion of and by Lemma [B.4I we can reconstruct (Z X. Then 
Q is the group completion of (5+, and by Lemma IB. 21 we can reconstruct <. This shows that the 
root datum of G can be reconstructed from [G] . 

Now if H is another split connected reductive group over fc, and ip : Kq[H] — > /^(^[G] an iso- 
morphism of Grothedieck semirings, then the argument above shows that there is an isomorphism 
of partially ordered semigroups 

(B.l) (^f , <^) (^^ , <^) 

inducing ip on Grothendieck semirings. By Lemma IB. 51 below, the morphism IB. II prolongs to 
an isomorphism of the associated based root data. Hence, there exists an isomorphism of group 
schemes (j) : H ^ G inducing the isomorphism of based root data. In particular, ip = Kq [(!>], and 
such an isomorphism (jj is uniquely determined up to inner automorphism. This finishes the proof 
of Theorem [BH □ 



Lemma B.5. Let B ~ (X, i?. A, X^, i?^, A^) any based root datum. Denote by {X+,<) the 
partially ordered semigroup of dominant weights. Then the root datum B can be reconstructed 
from <), i.e. if B' = (X', i?'. A', X'^, i?'^, A'^) is another based root datum with associated 

dominant weights {X'_^, <'), then any ismorphism {X, <) — > {X' , <') of partially ordered semigroups 
prolongs to an isomorphism B ^ B' of based root data. 

Proof. The weight lattice X is the group completion of X+, a finite free Z- module. The dominance 
order < extends uniquely to X, also denoted <. Then X'^ — Honiz(X, Z) is the coweight lattice, 
and the natural pairing X x X'^ — > Z identifies with (-,-}. The reconstruction of the roots and 
coroots proceeds in several steps: 

(1) The set of simple roots A C X: 

A weight a G X\{0} is in A if and only if < a, and a is minimal with this property. 

(2) The set of simple coroots A^ C X"^: 

An element of X"^ is uniquely determined by its value on Fix a G A with corresponding 

simple coroot . Then for any fi G X+, the value (/x,a^) is the unique number m G N such that 
2/i — ma is dominant, but 2/i — (m + l)a is not. Indeed, we have 

(2/i — ma, a^) > <^ (/i, a^) > m, 

and, for every other simple coroot ^ and every n G N, 

(2/. - na, /3^) = 2{^i, /3^) - n{a, > 2(/., > 0, 

since (a, /3^) < 0. Hence, (2/i — (m + l)a, a^) < and so m = (/i, a^). 

(3) The sets of roots R and coroots : 
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The Weyl group W C Autz{X) is the finite subgroup generated by the reflections Sq^qv associated 
to the pair (a, a^) G A x A^. Then R = W ■ A, i.e., the roots are given by the translates of 
the simple roots under W. Since Autz(X^) = Antz{X)°^, the Weyl group W acts on X"^ and 
i?^ = ■ A^. This proves the lemma. □ 
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